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r \bst ract .  Classical  s tat is t ica l  techniques for  prcr l ic t ion reach thc i r  i imi ta- , ions in  appl icat ions
wi th nonl inear i t ies in  the data set ;  ne ver theless,  neural  mode Is  can counteract  these
l i m i f r t i n n c  I n  t h i c  n ry*per, we present a recurrent neural model rvherc rve associate an
adaptet ive t imc constant  to  each neuron- l ike uni r  and a learn ing a lgor i thm to t ra in thcse
dynamic recurrent netrvorks. We test the network by training it to predict the Mackey-Glass
chaot ic  s ignr l .  To evaluete thc qur l i ty  of  thc predict ion,  rve computed thc porvcr  spcctra of
the two signals and computed thc associated fractional error. Results shotv that the
int roduct ion of  adaptat ivc t ime constants associated to cach neuron of  a rccurrent  netrvork
improves thc qur l i ty  oI  thc prcdic t ion and thc dynemicel  fcaturcs of  a ncurr l  modcl .  Thc
performance of  such dynamic recurrcnt  neurai  nct rvorks outpcr form t i rnc-dc l ry  ncural
netrvorks:

1.  In t roduc t ion

In many areas of scient i f ic research, the problem of
predict ing the future of dynamical systems ar ises.
Unforfunately, when the observed dynamics are
nonl inear with a complex dependence on t ime, the
formulat ion of rel iable predict ions becomes
extremeiy di f f icul t .  The predict ior i  problcm has been
studied as a problem of mult id imensional funct ion
approximation. This approach has produced new
methodoiogies . for , . the analysis of nonl inear t ime
.ser ies  inc l r rd ing  loca l  n red ic i i ve  n rnr^edr r rcc  l ' cpe. " " . * . - . } / .  v  P r v L L u u r ç J  \ J L U
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afe capable of deai ing rvi th the problem of structural
instabi l i t_v, Several  researchers have rcported
except ional results using neural  netrvorks [2,  3] .

To  tack le  the  prob lem o f  op t im l l  p red ic t ion ,  the
class of feedfonvard neural  netr i ,orks def ined in a
su i tab le  p robab i l i s t i c  env i ronment  has  o f ten  been
used.  Fo l io rv ing  the  deve lopment  o f  recur ren t  neura l
netrvorks, these ones have been introduced in the
f ield of t ime series predict ion. Recurrent neural

models present new features (not found in
fecdfonvard oncs),  such thc lcarning of af fractor
dynamics, the storage of information and above al l ,
t h o i r  r h i l i r . ' t ^ . 1 ê â l  " , i t l .  r i , - ^  , , - - , ; - ^  ^ : ^ - f l S .
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We introduce here a var iat ion of the tradi t ional
neural nefwork model rvhich presents fw,o tlpes of
edapt r t i ve  psran)c tc rs  : rhe  c l rss ica l  we igh ts  bchrccn
the units and the t ime constants associated with each
art i f lc i r l  neuron (these t ime constrnts represent the
membrane t ime constants of the bioloeical  neurons
r , { t \
L . t i / .
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t rme constants on the performance of recurrent
neural  nehvorks during chaot ic signal predict ion and
produc t ion .  S igna l  p red ic t ion  is  the  c iass ica l  task
where the input to the netrvork is the time-varying
s isnr l  and the  des i red  ôn tn l r r  i s  ; r  n red ic t ion  o f  the
signal at  a f lxed t ime increment in the future.
Nevertheless, oncc a nertrai  network is frained, an
i n t e r e s t i n g  a n n l i c a l i o n  i c  t n  r e n l r n c  t h c  e v i e r n r l  i n n r i

by thc oufput of the dcvice. The _resuking dlmrmicai
S V S t C m  s h o r r l d  q n 6 p f r n n n ' r " l r '  ô ê - ô r a t - a  i t S  O \ t 1 l" J  " ' - " '

vers ion  o f  the  s igna l .
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Fig. I. Confguration af the nenvorkfor

Test signal

: (a) prediction of the Mackey-Glass signal and (b) for production
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Mackey-Glass delay-di f ferent ial  equat ion [5,  6j :

- ( t  - r \

( i ).  - l n
l + l . r ( t - r ) l ^ "

i 3

?

dx( t \

provides a useful benchmark for testing predictive
techniques [ ,  7,  8] .  For comparison with previous
resu l ts )  we chose  ̂c :  l ' 7 ,  a :0 .2 ,  b  :  0 .1 ,  and ha ined
the nefwork to predict six time units into the furure.
We integrated ( l )  using a four-point Runge-Kutta
melhod rvi th a step of 0.05. The ini t ia l  condit ions
rvere x(t) = 0.8 for r < 0, and the equation was
integrated up to / :  i000 to al lor.v transients to die
or r t  The resr r l f ino  s iqna l  i s  o r ras i -ner iod ic  w i th  a
character ist ic t ime of T,:50, ly ing on a strange
affractor with a fractal dimension of approximately
2 . 1  l 5 l  ( s e e  f r s u r e  ?  )  T h e  ç i ' n r l  h r s  h e e n  d i v i d e d
by fwo and shifted to fit in the intervai corresponding
t n  t h e  r r n o e  n f  v a l r r e s  o f  t h e  ô n f n r l t  o f  t h c  c i o m n i , . lv 1  r r l v  J l S l r l v l u

function.

The nehvork rvas t ra ined wi th  i000 points ,  samplcd
on the Mackey-Glass signai rvith t ime increments of
0.5. I t  was next evaiuated for the next 1000 points.

3.  Netrvork setuo

We give below a l ist of the different parameters of
the nenvork :

. Nenvork architecture. The nehvork is recurrent
and 

'consists 
of a series of ful ly-connected

neurons. Therefore each neuron in a ly'-neuron
nehvork has i l  connections (including a self-
connection)

x(l- 1 )

Fig. 2. |v{ackcy-Glass altractor.

T r n i n i n o  t i n e  W t t h  t h e  l e n n  r r a i n i n o  r i n. ô  . . . . . - .  5  . . ^ n e '  w e

mean the number of presentation of the entire
t r r in ino  se t  tn  the  nehvork  ( i te ra t ions) .  A l l  the
simulat ions run on SLN 670lUP; convi igence is
reached within 5000 i terat ions t lp ical ly.
[ .earnins alsor i thm. We consider neural
n o t r r r n r l ' c  c n . r p m o i l  h . ,  + l - ' -  f n l l n r r r i n a  - n t, ,  - , , s  _ . i J i i t tons

t  9 t :

F(cr) is
a n d  . .  i c

dy,
f , - i= - ! i *  F {x , )+  I ,

at

is  the state or act ivat ion level of  uni t  i ,
the squashing funct ion F(cr) = ( l+e-")-r
given by

(2)

' - t
s .
/ . W : ; Y ; (3 )
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F n t t r t i n n  ( ) \  t <  t h e\_./ ,- ,.._ propagation equation of thc
nehyork. The t ime constants 11 rvi l i  act l ike a
relaxat ion process. The conect ion of the t ime
constants wi l l  be included in the learnine process
in order to increase the dynamics of the model.
The correct ion of the weights and the t ime
constants is done by the algori thm of
"backpropagation throttgh time" . In order to
avoid a misleading confusion, we nave to
dif ferent iate the algori thm of backpropagat ion
through t ime proposed by Rumelhart  et  al .  f  l0 l
and the algori thm, also named backpropagai ion
through t ime, presented in this paper.  In the
algori thm of Rumelhart ,  the behaviour of a
recurrent network is achieved in a feedforward
nebvqrk at cost of  dupl icat ing the structure many
tiriles' (the recun-ent nefwork is unfolded into â
muitilalrer feedfonvard network that grows by
one Iayer on each t ime step).  Unfortunately,  this
simple solut ion is suffer ing from i ts grorving
memory requirement in considerably iong
training sequences. We use an algorithm that
does not unfold the recurrent nefwork but
computes the leaming equat ions using a forward
and a backward step through time (time appears
expl ic i t ly in the equat ions).  Since we want our
netrvork to exhibi t  some part icular temporal
behaviour,  the ènor funct ion wi l l  be a funct lonal
def ined as

l r - (4)

Neural  Processing Let ters,  Vol .  2 ,  No.  3,  l2-16,  i995
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be derived either using a finite diflerence
approximation, the calculus of variat ion, the
Lagrange multiplier, or even from the theory of
optimal control in dyramic programming ,r ing
the Pontryaguin Maximum principle. A thorousË
presentetion of the leeming algorirhm and a
comparison of some acceleration techniques can
be found in  [1  1] .

4 .  Con f i gu ra t i on  as  an  adap ta t i ve  p red i c t i on
fi l te r

The nefwork consists of a / /  ful iy-connected neuron
system. One neuron gives the predicted value
d(/  +  ̂ )  (where A is a f ixed delay, and in our case,
equals 6);  al l  the other neurons receive the input
signal o(t) .  The process of leerning adapts al l  the
nefwork parameters forcing the predict ion output to
produce a signal that approximates d(/  + A).

Since the objective of this rvork is to shorv the
performance of dynamic recurrent neural netrvorks.
instead of showing a comparison befween the rer l
Mackey-Glass signal and the predicted one, we lvili
rather present a scaftergram depicting the desired
versus the predicted output.  The ideal shape in
scattergram of figure 3 would be.a sfraight line with
a  s l o n e  4 5 o  T h e  r e r q ô n  i c  c l e z r  i f  t h e  d c c i . c d  n r r i - n r r ir J  v r u s r ,  l t  t l l ç  u u J l t L u  u u t P u L

is ,  let  us say 0.45, the ideal predicted output rvould
be 0 .45 .  We see,  on  f igure  3 ,  the t  our  se t  o f  p red ic te  d
values (1000 points) c lcar ly march the ideal str-aighr
t .  /  1l rne  (oasneo l rne  ) .

Fig. 3. Scattergrams of the actual predicted values
ô(t + À) versus the desired predicted ourput o(t + À). The
ideal curte is a straigh! line with a slope of 45" (shawn in
doshed line).

r vhe rc  / s  and  /1  g i vc  t he  t imô  i n t . . u " t  du r i ng
wh ich  the  co r rec t i on  p ro iess  occu rs .  The
funct ion q(y(r ) , r )  is  the cosr  funct ion ar  t ime /
u,hich depends on the vector of .  the neuron
act ivat ions y an-d on t ime. We then inh-oduce the
nerv var iables p; (cel led the adjoinr var iables)
tha t  rv i i i  be  i1ç le rnr ined by . the  sysrbm o f
o r  I l e r e n t t S l  e c u l t t o n s  :

, l

)  q(vç1,t)ar
to

1 
t l

|  - t  /

^  J f i r  \ x 1 ) P , a t
l i  ro

r / iL l p ,
T , :  

'
t I o

dP, I rç. I _- =  -  p ;  -  e ,  -  ) , - w ; , . F ' ( . r , ) p .
a t  t i  j  t j

rv i ih  boundrry  conci i t ions p, ( r1)  = 0.  Af ter
introduction of these ne!v variables, we
der ive the leaming equai ions :

O L- =
OW; ;

!

the
! o t t

(6)

ày,' '  
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(7)
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5.  S igna l  p roduc t ion  resu l ts

As mentionned above, if rve freeze the weights and
time constants of the nefrvork, remove the input
signal,  and connect the output labeled d( l  + 6; y;u o
delay Â to the input node, we create a dynamical
system that spontaneously generates its own version
of the Mackey-Glass signal. In order to evaluate the
nefrvork performance, figure 4 shows a comparison
befween the power spectrum of the signal generatccl
by the nehvork and the spectrum of the Mackey_
Glass signal, integrated during a four-point Rungê_
Kutta method. Figure 5 presents the fractional enor
between these spectra. This-figure also shorvs the
fractional error of befween the real spectrum and the
one produced by a nefrvork trained with continuous_
time temporal backpropagation with adaptable time
delays UzJ. This network presents a strucfure of
feedforward nemork with hvo hidden Iayers of l0
neurons, one output and a total of 150 adaptable
connect ions. We clearly see that our dyramic
recurrent neural nefrvork outperforms the time_delav
neural model : the RlytS value of the fractional enor
fal ls f rom 0.252 to 0.064.

6 .  S tab i l i t y  ana lys is

We conduct a stabiliry analysis of our nenvork
according to different parameters : the nehvork
architecture, the gradient descent control terms.

FiS. 4. Comparison behveen the spectrum of the lv{ackey_
Glass signal and the sp.ectrum à1 1.,, priaicted sigial
praduced by the nehvork The ipectri were computed
using Fast Fourier Transfornt (FFT)

o

@

c  u .u
't

6

tr-

- Dynamic r€currsnt netwoa(
""' ïms-delay o€fwoa(

Fig. 5. Fractiona! error behyeen the rea! speclrum of the
|vlackey-Glass signal and the spectrum geierated by the'nehuork The fractional error is def ned-os the difierence
be.tween the rwo spectra, divided by the nagnituàL of the
Mackey-glass spectrum. Sotid tine shows-the fractionat
error for our dynamic recurrent neural nehyork The
dotled line is associated to the fractional error of a neura!
ne hv ork w i t h adap t at iv e t i me-de I ay c onnec I i ons.

We experimented different architectures of the
nefwork, varying the number /y' of neurons. For all
these simulations, we conclude that 20 neurons is a
good compromise between speed of convergence
and quali ty of predict ion.

Several accelerations techniques were evaluated,
sUch aS a  momenfUm term learn ino  ra re  ad i r rc fment
using tinc search w;^'?;;;^"ril;';#;ili:i
introduced by Si lva and Ajnreida gives the best
resu i ts .  The i r  method proposes  tJ  assoc ia te  an
individual learning rate to each weieht.  These
leaming rates are adapted by observing tle signs of
the last two gradients [13].  _;

7 .  Conc lus ion

Classical  stat ist ical  techniques for predict ion reach
their  l imitat ions in appl icat ions with nonl ineari t ies in
the data set.  I t  is 'wel l  known -that neural  learnins
procedures can significantly outperform cun-ent bes-t
pract ice in typical  predict ion appl icat ions. The
performance presented in this paper shows that the
introduction of adaptative time constants associated
to each neuron of a recurrent neh.vork improve the
quality of .the prediction. Such dynamic recurrent
neuai nehvorks outperform time-delay neural
nehvorks. Indeed, the action of time consranrs

o*-
o  . l c a
o ' -
o

. t 5 0
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(obtained by a leaky integrator that ends each
neuron-l ike unit)  is much more powerful  than the
information storage of t ime-delay connect ions, Time
constants simultaneously improve the nonl ineariry
effect of the sigmoid function and the memory effect
of t ime delays The weights and t ime constants of the
neurai model are adapted by the "backpropagation

throuph t ime" alqor i thm that has been hr ipf lv* 'ù
described in sect ion 3. We tested the model by
haining i t  to predict  the Mackey-Glass chaot ic signai
at t ime t  + 6 using observat ions of t ime t .  Our
c i r n r r l e t i n n c  c n o o e q i  t h a t  e r l z n r r i i v e  t i m. ^ , _  . ^ . . , e  c o n s t a n t s
i m n r o v e  c n n c i d e r a h l '  r h e  n r e À i n i i v o  - . 1 f g f m a n c e .

À t ^ . . ^ , , - ,  i f  r h o  n . t n r r r  n f  t h o  n n r r l n - 1 ,  ; S  C O m g C t e dl Y l v r  v v  Y  9 t ,  t l  L l À v  v g L y u l  v t  t t r w  r r v r  r r  v t  t \  t .

directly to its input, the associated predictor nefwork
spontanecilrsly generates the training signal. The
q n e a l r r m  n f  t h e  c \ , . n t h e c i z e d  c i o n a l  2 n n p r r c  t ^J  r S r r ( . r  s l J y r 4 r  J  r u

approx imate  the  t ra in ing  s igna l  specr rum.  The
fractional errors benveen specfra of real and
simulated signals show that dynamic recurrent
nefworks iy more effective than feedfonvard
networks with adaptat ive t ime-delay connect ions.
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